Abstract. A boundary value problem P ε related to a third-order parabolic equation with a small parameter ε is analized. This equation models the onedimensional evolution of many dissipative media as viscoelastic fluids or solids, viscous gases, superconducting materials, incompressible and electrically conducting fluids. Moreover, the third-order parabolic operator regularizes various non linear second order wave equations. In this paper, the hyperbolic and parabolic behaviour of the solution of P ε is estimated by means of slow time τ = εt and fast time θ = t/ε. As consequence, a rigorous asymptotic approximation for the solution of P ε is established.
Introduction
The parabolic equation
describes a great deal of models of applied sciences and represents a typical example of hyperbolic equations perturbed by viscous terms.
According to the meaning of f , examples of dissipative phenomena related to (1.1) are: motions of viscoelastic fluids or solids [1, 2, 3] , heat conduction at low temperature [4, 5] , sound propagation in viscous gases [6] , propagation of plane waves in perfect incompressible and electrically conducting fluids [7] . Moreover, when f = au t +sinu−γ, the equation (1.1) is the perturbed sine-Gordon equation which models the Josephson tunnel effect in Superconductivity [8] . Further applications of (1.1) arise in the study of viscoelastic plates with memory, when the relaxation function is given by an exponential function [9] . At last, one remarks that even the Navier-Stokes equations for a compressible gas with small viscosity, in Lagrangian coordinates, can be reduced to (1.1) with f = f (u t , u x , u xt , u xx ) [10] .
Also the meaningful analytical results concerning the qualitative analysis of (1.1) are very numerous and one can refer to an extensive bibliography (e.g. [10] - [18] ). In particular, the behaviour of solutions of (1.1) when ε → 0 has been analized in various applications of artificial viscosity method to non linear second order wave equation [19] , [20] . But, from a physical point of view, it would be interesting to estimate the time -intervals where the hyperbolic or parabolic behaviour prevails, evaluating so the influence of dissipative causes on the wave propagation.
These aspects are analyzed in this paper referring to the strip problem P ε for equation (1.1) with a linear f . The Green function G related to P ε has already been determined in [21] by means of a rapidly decreasing Fourier series, and its asymptotic behaviour for t → ∞ has been obtained, too. Now, in the hypotesis of ε vanishing, appropriate estimates of G by the slow time εt and the fast time t/ε will be established. As consequence, the main result is a rigorous approximation for the solution of the problem P ε which holds for all t < ε −η (η > 0).
Statement of the problem
If T is a positive constant and
let u(x, t) the regular solution of the boundary initial value problem:
where f (x, t) is an arbitrary specified function. Now, denote with w(x, t) the solution of the reduced problem obtained by (2.1) with ε = 0. To establish a rigorous asymptotic approximation for u(x, t) when ε → 0, we put:
where the error r(x, t, ε) must be estimated.
By means of standard computations one verifies that r(x, t, ε) is the solution of the problem:
where the source term F (x, t, ε) is:
with λ = 2w + w xx .
The problem (2.3) has already been solved in [21] and the solution is given by:
where G(x, ξ, t) is:
Estimates of the Green function by fast and slow times
When ε → 0, two characteristic times affect the behaviour of G, i.e. τ = εt (slow time), and θ = t/ε (fast time). To point out the different contributions an appropriate form of G we will considered. For this, if N = [ 2cl πε ], the G-function can be given the form:
where, for n < N, the functions H n are:
If α is an arbitrary constant such that: (3.3) the term G 1 can be written:
It is easy to prove that when 1 ≤ n ≤ N α it results:
Otherwise, if N α + 1 ≤ n ≤ N , one has N = k − β with 0 < β < 1, and it is:
In particular, when k is an integer one has β = 1 and the term te −2c 2 t/ε must be considered too.
For all ε ∈ ]0, ε 0 ] (ε 0 < 1), the formulae (3.5) -(3.6) allow to obtain the following estimate for G 1 :
where the constants A 0 A 1 don't depend on ε . As ε < ε 1−2α , the prevailing term in (3.7) is related to the slow time τ = εt. So, the circular component G 1 is controlled by the slow time. On the contrary, the hyperbolic component G 2 is characterized only by the fast time θ. In fact, let:
with β ≡ 0 if k is an integer. Observing that ∀n ≥ N + 1, one has (see, f.i. [21] ): (3.9) and consequently it results:
So, if M 0 = max{A 1 , C 1 } and 1/2 < α < 1, the following theorem holds: Theorem 3.1 For all ε ∈ (0, ε 0 ](ε 0 < 1) and (x, t) ∈ D, the Green function G(x, ξ, t) verifies the following estimate:
where the constants A 0 , M 0 do not depend on ε.
On the behaviour of the solution
Now, the remainder term r(x, t, ε) of (2.2) can be estimated. Referring to the function f defined in (2.4), let
Then, one has the following theorem.
Theorem 4.1 -Let F (x, t, ε) ∈ C 1 (D) and let F, F x , F t bounded for all t. Then, the error term r(x, t, ε) verifies the estimate:
where the constants k and η do not depend on ε and η ∈ (0, 1/2).
Proof-First, by (2.4)-(2.5) one deduces:
Further, by means of the well-known inequality [23] :
by (3.10) and (4.3) one can deduce: }, (4.6) to deduce (4.2).
As consequence of Theorem 4.1, finally we can observe that :
When ε → 0, the solution of the problem (2.1) can be approximatated by means of the following formula:
u(x, t, ε) = e −εt w(x, t) + r(x, t, ε) (4.7)
where the error r(x, t, ε) is bounded for all t < (1/ε) η .
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